The formation of scalar condensates and dynamical symmetry breaking in the SU (n) ⊗ U (1) four-fermion models (for n = 2, 3) with two coupling constants has been studied by the functional integration method. The bosonization procedures of the model under consideration are performed. The propagators of fermions and collective Bosefields (bound states of fermions), as well as the effective Lagrangian of interacting scalar mesons are found.
Introduction
The modern problem is to derive the effective quark-meson Lagrangians from the fundamental quantum chromodynamics (QCD) Lagrangian, because QCD is the truth theory of strong interactions of quarks and gluons. However, reformulation of QCD in terms of hadronic fields as bounded quarks, meets serious mathematical difficulties. One of them is the impossibility to integrate the generating functional for Green's functions over gluonic fields, as the corresponding integral is not a Gaussian path integral. QCD, at low energy, can be described by local effective chiral Lagrangians (ECL) [1] , [2] , [3] . However, ECL does not take into consideration the confinement phenomenon.
In the domain of low energy, a good approximation of quark interactions is a contact four-fermion interaction [4] , [5] . The four-fermion models take into account both quarks and mesons [6] . The problem of renormalization and dynamic mass formation in a four-fermion model with scalar-scalar, pseudoscalar-pseudoscalar and vector-vector interactions was investigated in [7] . A CP -odd, chirally noninvariant, four-fermion model with three coupling constants was studied in [8] .
In the theory of instanton vacuum [9] , [10] , the chiral condensate appears leading to the dynamical symmetry breaking and an effective four-fermion interaction emerges [11] (see also [12] ). It was noted by authors [13] a phenomenon of chiral symmetry breaking (CSB) in four-fermion models because of self-interaction of fermion fields. The vacuum is reconstructed in models considered, and γ 5 -symmetry is broken. As a result, the condensate is formed and the condition for a vacuum expectation ψ ψ = 0 is valid, and fermions acquire masses m = −g 0 ψ ψ . It should be noted that low masses of pions can be explained by CSB [14] .
The nonperturbative effects of CSB [15] and a confinement of quarks play very important roles in strong interactions. Thus, four-fermion models describe CSB perfectly, but not confinement of quarks. I mention the QCD string approach [16] (see also [17] ), which take into consideration the nonperturbative effect of quark confinement.
The paper is organized as follows: In Sec. 2, the dynamical mass formation of fermions and the SU(n) ⊗ U(1) (n = 2, 3) symmetry breaking in scalar-scalar four-fermion model with two coupling constants are considered. The bosonization procedure of the model under consideration is performed. Masses and propagators of collective bosonic fields (bound states of fermions) are derived in Sec. 3. In Sec. 4, the effective Lagrangian of interacting bosonic fields is evaluated for the case of the SU(2) ⊗ U(1) group. Sec. 5 is devoted to the discussion of results.
Dynamical mass formation and symmetry breaking
Consider a model with the internal symmetry group SU(n) ⊗ U(1) and two coupling constants [18] , [19] :
where T a (a = 1, ..., n 2 − 1) are the generators of the group SU(n), ∂ µ = (∂/∂x i , −i∂/∂x 0 ) (x 0 is the time), m is the bare mass of fermions, γ µ are the Dirac matrices, ψ is the multiplet of fermions. For the SU(2) group we use duplet of fermions ψ and the generators T a ≡ τ a (τ a are the Pauli matrices, a = 1, 2, 3), and for the SU(3) group -triplet of fermions ψ and the generators T a ≡ λ a (λ a are the Gell-Mann matrices a = 1, 2, ..., 8). We took here into consideration only scalar-scalar interactions which lead to dynamical symmetry breaking (DSB). It is convenient to investigate DSB and the mass formation with the help of functional integration method [20] . The generating functional for Green's functions
In order to formulate the perturbation theory [20] , we should find a solution of Eq. (7) for the vacuum averages of the fields Φ 0 , Φ a independent of coordinates (the case of the mean field approximation). In the momentum space Eq. (7) takes the form
where
According to Hamilton-Kelly theorem [21] , the matrix A satisfies its characteristic equation:
Let us search for a solution to Eq. (8) in the form
where i = 1 for the SU(2) ⊗ U(1) group and i = 1, 2 for the SU(3) ⊗ U(1) group, pA i has the meaning of the direct product of the matrices p and A i , A i is the i-th power of the matrix A, and a summation over i (for the SU(3) ⊗ U(1) group) is assumed. Substituting Eq. (11) into Eq. (8), with the help of Eqs. (9), (10) and the fact that the matrices I (unit matrix), p, A i , pA i are linearly independent, we obtain a system of equations for the unknown coefficients. Solving this system, we get for the SU(2)⊗U(1) group
, and for the SU(3) ⊗ U(1) group (11)- (13) define the fermionic Green function in a covariant form, since all the coefficients are expressed through the invariants of the SU(n) ⊗ U(1) (n = 2, 3) group. It is convenient to choose the gauge in which the matrix A is diagonal. In this case, we can put Φ 0 = 0, Φ 3 = 0, Φ 8 = 8 (for SU(3) ⊗ U(1)), setting the rest of Φ a to zero. Green's function (11) then takes a diagonal form
where the masses of fermions are
It follows from this that if the fermion bare masses m = 0, the fermions still acquire nonvanishing dynamical masses. From Eqs. (15) we find the values of condensates Φ 0 , Φ 3 , Φ 8 (for the case of the SU(3) ⊗ U(1) group) via fermion masses:
It is seen from Eq. (16) that the bare masses of fermions m are absorbed by the vacuum field Φ 0 .
Masses and propagators of collective bosonic fields
In order to obtain the vacuum condensates Φ 0 , Φ 3 , Φ 8 from Eq. (5), we find the equations for the fields Φ A (x) (A = 0, 1, ..., 8):
Substituting Eq. (14) into Eq. (17), we obtain a system of equations (gap equations) for the vacuum averages (for the SU(3) ⊗ U(1) group):
For considering the SU(2)⊗U(1) group, it is necessary to take into consideration the first two equations in (18) and to put m 3 = 0. In the case of massless fermions (m = 0), due to the phase transitions they become massive. So, the massive states of fermions correspond to the minimum of effective potential [22] , [23] . The integrals in Eq. (19) diverge quadratically and we can use dimensional regularization [24] or the momentum-cutoff Λ which specifies the region of nonlocal interactions of fermions. Note that with cutoff regularization, gap equations (18) have non-trivial, non-analytic in constants F , G solutions [13] 
The integrals with cutoff (Λ) regularization play the role of form-factors. The parameter Λ defines the region of non-locality of quark-antiquark forces. When Λ → ∞, four-fermion interactions become local interactions.
It is known that the dimensional regularization is most suited for preserving the symmetry properties of the model. With the help of the dimensional regularization quadratic and logarithmic diverge integrals are given by [25] :
where Γ(x) is the gamma-function and ε is the parameter of the dimensional regularization (we use the notation dp 4 = idp 0 ). In this case, we come to the constraint (see Eq. (19))
Using Eq. In order to formulate the perturbation theory, we expend the fields Φ A (x) (A = 0, a) in Eq. (4) in the neighborhood of the vacuum averages, these later being the solutions of Eqs. (18):
Now the effective action (4) can be represented as
. Generators of the SU(2) group are the Pauli matrices τ a (a = 1, 2, 3), and for the SU(3) group -Gell-Mann matrices λ a (a = 1, 2, ..., 8). Calculating the nonvanishing elements of the inverse propagators of the auxiliary fields Φ ′ A (x) in the momentum space, one finds for the SU(2) ⊗ U(1) group:
and for the SU(3) ⊗ U(1) group
where the constant of renormalization is given by
Let us introduce the renormalized fields
and coupling constants g
Using the dimensional regularization, Eqs. (20) , and the relation [25] lim ε→0 εΓ(ε − 1) = −1, we come, at ε → 0, to the constraint (see also [26] ):
Up to O(g 2 ), O(f 2 ), we find the renormalized free (quadratic in the collective fields) effective action
where A = 0, a and the elements of the mass matrices for the SU(2) ⊗ U(1) group are given by We took into consideration here that according to the gap equations (18) for the SU(2) ⊗ U(1) group (the first two equations with m 3 = 0, m 1 = m 2 ), and Eqs. (15), the mass parameters M 2 , µ are given by
To calculate the mass matrix m AB for the SU(3)⊗U(1) group, it is necessary to specify the solutions of the mass equation (22) . We consider the interesting case when m 3 = −m 1 − m 2 (m = f Φ 0 ). Then using the self-consistent equations (18) and Eqs. (15) , one arrives at
With the aid of these equations, we find from Eqs. (25) To obtain the mass spectrum of the bosonic fields Φ A (x), one has to diagonalize the mass matrix m AB . It follows from Eqs. (29), (30) that masses of the fields Φ 1 (x), Φ 1 (x) vanish, which is in agreement with the Goldstone theorem [27] concerning spontaneous (or dynamical) symmetry breaking. The other fields acquire nonzero masses. Consider the case of the SU(2) ⊗ U(1) group. To diagonalize the matrix with the elements (29), we make the SO(2)-transformations 
Calculating integrals (35), (36), after renormalization, we arrive, for the case of SU(2) ⊗ U(1) group (T a = τ a ), at the effective Lagrangian (corresponding to the action (33)) of interacting bosonic fields:
where Φ(x) = Φ 0 (x) + τ a Φ a (x), and constants g, f are absorbed by the fields Φ A (x). If the vacuum field Φ 3 = 0, then according to Eq. (29), the equality m 1 = m 2 is valid and the symmetry of the group SU(2) ⊗ U(1) is recovered. Therefore, all fields Φ a (x) become massless, but the field Φ 0 (x) is still massive. In the same manner, one can calculate the effective Lagrangian for the case of the SU(3) ⊗ U(1) symmetry group of fermion fields.
Discussion
The four-fermion models under consideration lead, in the framework of the dimension regularization, to the mass formula (22) (for the SU(3) ⊗ U(1) group) for the fermion multiplet, and to relations with the masses of collective boson fields Φ A (x) (29), (30). Similar relationships of the type (22) hold in the case of the SU(n) ⊗ U(1) (n > 3) group (see [28] for the case of SU(5) ⊗ U(1) group). By using the cutoff regularization quadratic and logarithmic diverge integrals, I j and Z 3 are considered as independent in [5] . So, a self-consistent consideration of four-fermion models provide the mass relations for fermions and their bound states (collective fields Φ A (x)). The parameter ε in the scheme of the dimension regularization (or the cutoff parameter Λ) occurring the gap equations (18) which defines mass formulas, and therefore, possesses the physical meaning. It has to be a finite leading to the "finite renormalization". The four-fermion interactions can be considered as some approximation to the real quark interactions, leading to the dynamical symmetry breaking. To provide the confinement of quarks, one needs to modify the model by introducing the linear potential between quarks.
